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Abstract: In the present paper, a Finsler space F,, for which the normal projective curvature tensor N]"-kh satisfies
ten = Y'Yjn and Niy, = y;¥i,, where Y, and Y}, are non-zero tensor fileds called decompositions tensor

fields, we study the properties of such decomposition and decomposition of projective curvature tensor.
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1. INTRODUCTION

Ram Hit [6] studied a Finsler space whose curvature tensor is decomposable in the form Hj"kh = y"lg-kh. P. N. Pandey
(I[21,I3]1), H. D. Pande and T. A. Khan [1], Prateek Mishra, Kaushal Srivastava and S. B. Mishra [4] dialed with the
problem decomposability of curvature tensor L. Berwald and E. Cartan, a number of examples of Finsler space whose
curvature tensor are not decomposable have been cited, a necessary and sufficient condition for decomposability of
curvature tensor has been obtained. F. Y. A. Qasem [5] discussed all possible decomposition normal projective curvature
tensor Nj"kh in a Finsler space, i. e. a number of examples of Finsler space whose normal projective curvature tensor Njikh
is not decomposable have been cited and different results have been obtained.

Let us consider a set of quantities ¢ i defined by

(1.1) 9ij(x,y) = %aiasz(X, y).

The tensor g;;(x,y) is positively homogeneous of degree zero in y' and symmetric in i and j. According to Euler’s
theorem on homogeneous functions, the vector y; satisfies the following relations

(1.2) yiy' =F?,
The tensor Hjikh is called h-curvature tensor, we shall call it h-curvature tensor of Berwald . It is positively homogeneous

of degree zeroin Y "and skew-symmetric in its last two lower indices which defined by

Hjen: = 0nGfye + GGy, + Grye G — h/k.
The above tensor satisfies the following:
(1.3) a) Hjikhyj = Hlih
and
b) Hyxn = Hyn — Hpy-

The deviation tensor H}: is positively homogeneous of degree two in yi. In view of Euler’s theorem on homogeneous
functions we have the following relations

(L4 @) Hey* = Hy,

Page | 137
Research Publish Journals



http://www.researchpublish.com/

International Journal of Mathematics and Physical Sciences Research [1SSN 2348-5736 (Online)
Vol. 3, Issue 2, pp: (137-142), Month: October 2015 - March 2016, Available at: www.researchpublish.com

b) Hy, = HY,
and
1 T
C) H= EHT,

where H is a scalar called curvature scalar. Since contracting of indices does not change the homogeneity, hence, the
curvature vector H,, and the curvature scalar H are also homogeneous of degree one and two in y*, respectively.

2. NORMAL PROJECTIVE CURVATURE TENSOR
K. Yano [7] defined the normal projective connection Hjik by

. 1
(21) jk — G}'Lk - myl ]?;cr'

The connection coefficients H}k is positively homogeneous of degree zero in y' 's and symmetric in their lower indices.

P.N. Pandey [3] obtained a relation between the normal projective curvature tensor Nj,, and Berwald curvature tenser

i .
Hjyy, as follows:

. . 1 a
(2.3) Nikn = Hjyn, — n_HylajHrrkh-
The normal projective curvature tensor N}kh is homogeneous of degree zero in y'.

Contracting the indices i and j in (2.3) and using the fact that the tensor Hy,,, is positively homogeneous of degree zero in
y¢, we get

(2.4) Nyin = Hign-

Transvecting (2.3) by y’ and using (1.3a), we get

(25)  Njny' = Hin.

The normal projective curvature tensor N]-ikh is skew-symmetric in its last two lower indices, i.e.
(2.6) Njen = —Njp-

The normal projective curvature tensor I\Ij"kh also satisfies the identity

Contracting the indices i and h in (2.3), we get

1
(28) Ny =Hy — 7Y 0Hn
or
1 . .
(2.9) Njx = Hye = = {0;(Hlqy") — HJij}-

The projective curvature tensor le}m and the normal projective curvature tensor Njikh are connected by

(2.10) Wﬁch = N]Lkh + (slicth - Mkhsji —k/h),

where

(2.11) My = — ﬁ (nNiep + Npi)

and

(2.12) Ny = N]rkr

The tensor le}ch satisfies the following identities
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(2.13) a) Winy! = Wi,
and
@) Winy* = Wj.
3. DECOMPOSITION OF NORMAL PROJECTIVE CURVATURE TENSOR IN FINSLER SPACE

Let us consider the decompositions of the normal projective curvature tensor I\Ijikhof a Finsler space is of the type (1,3) as
follows :

(3.1) Nfen = Y Yen
and
(3.2) en = YiYin,

where Y, and Y\, are non-zero tensor fileds called decompositions tensor fields.

Further considering the decomposition of the tensor field (3.1) in the form

(3.3) N]lkh = inijh
or
(3.4) N]lkh = inhY}k-

Let us define

(3.5) yia; =0,

such A; as recurrence vector and o is decomposition scalar.

In view of (3.1), the identities (2.6) and (2.7), can be written as
(3.6) Yign + Yjpe = 0

and

(3.7) Yien + Yinj + Ynji = 0.

Thus, we conclude

Theorem 3.1. If the normal projective curvature tensor I\I]-ikhof a Finsler space is decomposable in the form (3.1), then
the decomposition tensor field Y;,;, satisfies the identities (3.6) and (3.7).

In view of (3.2), the identities (2.6) and (2.7), can be written as

and
(3.9) iYin + yi¥n; + ynYi = 0.

Thus, we conclude

Theorem 3.2. If the normal projective curvature tensor I\Ijikhof a Finsler space is decomposable in the form (3.2), then
the decomposition tensor field Y}, satisfies the identities (3.8) and (3.9).

Transecting (3.2) by y/, using (2.5) and (1.2), we get
(3.10) Hly, = F?Y}},.

Transvecting (3.10) by y* and using (1.4a),we get
(3.11) H = F?Y},
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where Vi, y* = YL

Contraction of the indices i and h in (3.10) and using (1.4b), we get
(312)  H, = F?Y,,

where Y. =Y.

Contraction of the indices i and h in (3.12) and using (1.4c), we get
P2

(3.13) H=L]y,

n-1
where ¥ =Y.

Thus, we conclude

Theorem 3.3. If the normal projective curvature tensor I\Ij"khof a Finsler space is decomposable in the form (3.2), then

the h(v)- torsion tensor field H},,, the deviation tensor field H},, the vector field H, and the scalar H are decomposable in
the form (3.10), (3.11), (3.12) and (3.13), respectively.

Contraction of the indices i and j in (3.2) and using (2.4), we get
(3.14) Hyn = ¥ Yin

Using (1.3b) in (3.14), we get

(3.15) Yin = yiT(Hhk — Hip).

In view of (3.2), equ. (3.15) can be written as

(3.16) Njikh = j:_j(Hhk — Hyp).

Transecting (3.16) by y’ and using (2.5), we get
(3.17) Hip = y'(Hpi — Hy).
Thus, we conclude

Theorem 3.4. If the normal projective curvature tensor I\Ij"khof a Finsler space is decomposable in the form (3.2), then
the normal projective curvature tensor Njikh and the h(v)- torsion tensor H., are defined by (3.16) and (3.17) respectively,
the tensor H,, is decomposable in the form (3.14) and the decomposable tensor field Y}, satisfies (3.15).

Contraction of the indices i and j in (3.4) using (2.4), we get
(3.18) Hyn = YaY" Y.

Using (1.3b) in (3.18), we get

(3.19) Yin = ﬁ(Hhk — Hyp).

In view of (3.4), equ. (3.19) can be written as

(320)  Njn =25 (Hy = Hun).

Transecting (3.20) by y/ and using (2.5), we get
(3.21) Hlih = yi(Hhk — Hyp)-
Thus, we conclude

Theorem 3.5. If the normal projective curvature tensor I\Ijikhof a Finsler space is decomposable in the form (3.4), then
the normal projective curvature tensor N]-"kh and the h(v)- torsion tensor H:, are defined by (3.20) and (3.21) respectively,
the tensor Hj,,;, is decomposable in the form (3.18) and the decomposable tensor field Y, satisfies (3.19).
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Contraction of the indices i and h in (3.3) and using (2.12), we get
(3.22) Njie = ¥y Yier-

Contraction of the indices i and j in (3.3), using (2.4) and (1.2), we get
(3.23) Tkh = F?¥n.

In view of (3.22), (3.23), (3.3) and (1.2), equ. (2.8) can be written as
(324)  Hy = ¥y Vi + 2= 8 F 7Y,

Thus, we conclude

Theorem 3.6. If the normal projective curvature tensor I\Ij"khof a Finsler space is decomposable in the form (3.4), then
the Ricci tensor Ny, is decomposable in the form (3.23) and the Ricci tensor Hj, satisfies (3.24).

Contraction of the indices i and hin (3.4) using (2.12) and (1.2), we get
(3.25) Ny = F?Yj,.

In view of (3.23), (3.25), (3.4), and (1.2), equ. (2.9) can be written as
(3.26)  Hj = F%Y + niﬂ(yjyfyrk + F2Y, + y"F?0;Yy).

Thus, we conclude

Theorem 3.7. If the normal projective curvature tensor Ny, of a Finsler space is decomposable in the form (3.4), then
the Ricci tensor N, is decomposable in the form (3.25) and Ricci tensor Hj, satisfies (3.26).

Further considering the decomposition of the tensor field Y, in the form
(3.27) Yien = A Yin-

In view of (2.6), (3.3) and (3.27), we get

(4.28)  Yip = —Yip

Thus, we conclude

Theorem 3.8. In an NPR- F, , under the decomposition (3.1) and (3.27) the decomposition tensor field Y;,, is skew —

symmetric.

4. DECOMPOSITION OF PROJECTIVE CURVATURE TENSOR IN FINSLER SPACE
Let us consider a Finsler space whose the normal projective curvature tensor N]-"kh is decomposable in the form (3.3).

In view of (3.3), (2.12) and (3.22), equ.( 2.11) can be written as

_yy
n2-1

(4.1) My, = (nYir + Yr).
Thus, we conclude

Theorem 4.1. If the normal projective curvature tensor Njikh of a Finsler space is decomposable in the form (3.3) and
under the decomposition (3.22), the tensor M;, satisfies the equ. (4.1).

In view of (3.3) and (4.1), equ. (2.10) can be written as
(4.2) Wﬁch = yiJ’ijh - #{(S};(nth + Yn)yj — yn(Y, + Yrk)aji - k/h}-
Transvecting (4.2) by y/ and y*, using (2.13a) , (2.13b) and (1.2), we get

43) Wi =Y FYen — 5 {8k (Way + Y )F? = yp (0¥ + Y )y' — ke /h}.

2-1
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and
44) W=y FYay* — 5 (Y + ) F? = yp (Y + Y y* — k/h}.
Thus, we conclude

Theorem 4.2. If the normal projective curvature tensor Njikh of a Finsler space is decomposable in the form (3.3) and
under the decomposition (3.22), then the projective curvature tensor \W jikh , the projective torsion tensor W}, and the

projective deviation tensor W} satisfy equ.s (4.2), (4.3) and (4.4), respectively.

Let us consider a Finsler space whose the normal projective curvature tensor N }kh is decomposable in the form (3.4).
In view of (3.25), (3.4) and (2.11), equ. (2.11) can be written as

(4.5) Mj = —nj—:(ank + Yij).

Thus, we conclude

Theorem 4.3. If the normal projective curvature tensor I\Ijikh of a Finsler space is decomposable in the form (3.4)and
under the decomposition (3.25), the tensor M;, satisfies the relation (4.5).

In view of (3.4) and (4.5), equ. (2.10) can be written as
i i F2 (ci i
(4.6) Wikn = Y'Yk — m{ak(nyhj + Y}h) — (nYen + Y )dj — k/h}-

Transvecting (4.6) by y/ and y*, using (2.13a), (2.13b) and (1.2), we get

. . . F2 . . )
(4.7) Win = y'ynYjy’ — m{gllc(nyhj + th))’] — (Y + Yip)y' — k/h}
and

. X . 2.0 .
(48) Wi =y Yyt — (¥ + Yin)y! — Y + Y )y — k/h}:

Thus, we conclude

Theorem 4.4. If the normal projective curvature tensor N]-"kh of a Finsler space is decomposable in the form (3.4) and
under the decomposition (3.25), the projective curvature tensor j‘}ch, the projective torsion tensor Wj, and the
projective deviation tensor W} satisfy equ.s (4.6), (4.7) and (4.8), respectively.
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